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Shapes in the p-Metric

Abstract
The concept of a rendezvous number was originally developed by O.
Gross in 1964, and was expanded upon greatly by J. Cleary, S. Morris,
and D. Yost in 1986. This number exists for every metric space, yet very
little is known about it, and it’s exact value for most spaces is not known.
Furthermore, it’s exact value is difficult to calculate, and in most cases we
can only find bounds for the value. We focused on their arguments using
convexity and applied it to shapes in different metrics and graphs. Using
sets of points that stood out (vertices, midpoints) as well as computer
analysis, we attempted to find rendezvous numbers for certain geometric
shapes and classes of graphs, all of which had been previously unknown.

Background
In 1964, O. Gross showed that for any compact, connected metric space
X with metric d, there is a unique number a(X,d), referred to as the
rendezvous number of X, such that for all x1,...xn∊ X, there is a y ∊ X
such that the average distance from y to X, written as
(1/n)∑d(xi,y) is a(X,d). Furthermore, he proved that for a compact,
connected metric space X with rendezvous number a(X,d) and diameter
D, D/2 ≤ a(X,d) < D. To more easily compare spaces of varying sizes and
shapes, we can divide the rendezvous number by the diameter of the
space, defined as the largest distance between any two points in the
space, and get what is called the magic number m(X,d) = a(X,d)/D.
From there, we can see that 1/2 ≤ m(X,d) < 1. In addition, he proved that
for any z such that 1/2 ≤ z < 1, there exists a compact, connected metric
space S with metric d such that m(S,d) = z.
In 1986, J. Cleary and others proved that for any connected convex
subset X of some space with metric d, a(X,d) = r(X), where r(X) is the
radius of the smallest disk that contains and is centered in X. They also
proved that the rendezvous of the equilateral triangle is (2+√3)/6 by
looking at convenient sets (midpoints and vertices) and finding that the
largest possible value for one set was equal to the smallest possible
value for the other. We adapted this method, applying it to other shapes
as well as other distance metrics.
The p-metric is a distance metric for different values of p, with 1 ≤ p ≤ ∞.
The distance that is most commonly used is p = 2, also known as the
Euclidean Distance. We focused on three main values of p: 1, 2, and ∞.
Pictured below to the right is the unit circle
graphed in different p-metrics. As p → ∞, the
unit circle becomes a square of length 1.

Cleary (1986) found the rendezvous number of a square in the p = 2
metric, and we adapted this result and found the rendezvous number for
any p-metric.
Theorem: Let S be the square with vertices V = {(0,0),(0,1),(1,0),(1,1)}.
Then a(S,d) in the p-metric, 1 ≤ p ≤ ∞, is (1/4)(1+2(1+2-p)1/p.
Proof Outline: Using the set of midpoints and vertices,define dm(x,p)
and dv(x,p) to be the average distance in the p-metric of a point (0,x) to
the sets M,V, respectively. Note that by symmetry it is sufficient to check
only the points (0,x) with 0 ≤ x ≤ 1/2. We then see that dm(0,p) =
dv(1/2,p) = (1/4)(1+2(1+2-p)1/p, and show that dm(x,p)
and dv(x,p) are decreasing functions. Since
(1/4)(1+2(1+2-p)1/p is the only common point in their
ranges, a(S,d) = (1/4)(1+2(1+2-p)1/p. The graph of
dm(x,p) and dv(x,p) for p = 2 is shown to the right.
A Few Selected Shapes, Metrics, and Their Corresponding Magic Numbers:
Metric

Shape

Magic Number

p=1

rectangle

1/2

p=1

ellipse

0.608748 ≤ m ≤ 0.633059

p=1

euclidean circle

0.530 ≤ m ≤ 0.551

p=2

square

0.572

p=2

isosceles right triangle

0.5 ≤ m ≤ 0.548

p=2

line segments

1/2

p=2

two line segments meeting
at a right angle

1/2

p=∞

ellipse

1/2

p=∞

rectangle

3/4

p=∞

isosceles right triangle

1/2

Thus, the magic numbers tend towards 1/2 for the vast majority of the
spaces we tested. The largest magic number we found was from the
rectangle in the p = ∞ metric.
Ellipses can vary from one another, so we use eccentricity to distinguish
between certain ellipses. Eccentricity ranges from 0 to 1, an ellipse with
an eccentricity of 0 is a circle, and an ellipse with an eccentricity of 1 is a
line segment. While we know the magic numbers of those shapes in the
p=2 metric, (2/π and 1/2, respectively), the magic number of any ellipse of
eccentricity e, 0 < e < 1 is not known. However, we were able to find an
upper and lower bound for the possible magic numbers, which we have
plotted below.

Graphs
Definition of a Graph: A graph is a collection of points that are
connected by one or more edges. We measure distance by asserting that
vertices connected by an edge are distance 1 apart, and extend to other
points by considering each edge to be a unit interval.
Definition of the Center of a Graph: The center of a graph G is the set
of points in G such that the maximal distance from the center points to all
other points in the graph is minimized.
Theorem: Let G be a graph with diameter D and a center, denoted Z(G),
that contains only a single point. Then a(G,d) = D/2.
Note: This theorem takes the idea of convexity that we have used before,
and applies a similar idea to graphs.
Proof: Let c ∊ G such that c ∊ Z(G). For all y ∊ G, d(c,y) ≤ D/2. Thus,
since D/2 ≤ a(G,d) < D, a(G,d) = D/2.
Example: A tree is a type of graph
where there is only one path between
any two points on the graph. Pictured to
the right is a tree of 7 vertices. In 1869,
C. Jordan proved that the center of a
tree is exactly one point. Thus, for any
tree T with diameter D, a(T,d) = D/2 and
m = 1/2.
Theorem:
Let G be the 3-regular graph with 6
.
vertices as pictured to the right. Then
a(G,d) = 7/6, and thus m(G,d) = 7/12.
Proof: Let x1,...,x6 be the set of vertices of G.
There are 3 possibilities for y: a vertex, on an
edge of the ith and i+1th vertices, or on an edge
that connected two non-adjacent vertices.
Regardless of the location of y, we find that
(⅙)∑d(xi,y) = a(G,d) = 7/6

m = 0.6

0.588 ≤ m ≤ 0.6

0.55 ≤ m ≤ 0.583

More graphs with a magic number not equal to 1/2

Further Research
Future avenues of research include:
- We conjecture that adding a ‘dead end’, i.e. an edge and vertex that
only connects to one other vertex, to a graph will always result in a
magic number of 1/2.
- Pursuing more results in the p = 1 and p = ∞ metrics due to the relative
simplicity of their calculations, and finding the maximum magic number
in these metrics. We conjecture that magic numbers tend to increase
with p.
- A more general connection between the center of a graph and its
magic number.

One common feature with these graphs is that the
center of the graph is equivalent to the entire graph.
However, it is important to note that this trait does
not always result in a magic number of 1/2. The
graph on the right, a cycle graph of 6 vertices, has
a center that is also equal to the entire graph, but
the magic number of this graph is 1/2.
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